ASYMPTOTIC BEHAVIOR OF THE KOBAYASHI METRIC 
ON CONVEX DOMAINS 
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Abstract. In this paper, we calculate estimates for invariant metrics 
on a finite type convex domain in C n using the Sibony metric. We also 
discuss a possible modification of the Sibony metric. 



1. Introduction 



The Kobayashi metric F(P,£) on a domain O C C n at a point P £ O in 
the direction £ £ Tp(O) is defined as follows: 



where 0(B) denotes the family of holomorphic mappings from the unit disc 
D in C to 0. It is known that the Kobayashi metric is greater than any 
biholomorphically invariant metric G that satisfies the following properties: 

(1) G° :DxC — ► M + U {0} coincides with the Poincare metric on the 
unit disc in C. 

(2) G is non-increasing under holomorphic mappings, i.e., if <5 : O — > O 
is a holomorphic mapping and P £ O, £ £ Tp(Q), then 



It has been of importance to study the asymptotic behavior of the Kobayashi 
metric near the boundary of a holomorphically convex domain. Several au- 
thors have proved results on pseudoconvex domains: Ian Graham proved a 
result on a strongly pseudoconvex domain [I] and David Catlin studied the 
behavior on a weakly pseudocovnex domain in C 2 [2]. 

As we can see from the definition of the Kobayashi metric (pQ), the diffi- 
culty in estimating the Kobayashi metric lies in finding the lower estimate 
since the upper estimate can be found rather easily by constructing one 
analytic disc in O that satisfies the desired properties. 

Graham [4j calculated the metric explicitly on ellipsoids and found the 
estimate on a strongly pseudoconvex domain by approximating it with el- 
lipsoids and proving results on localization of the metric. Catlin [2] proved 
the result by estimating Caratheodory metric Fq(P, £), which is defined as 
follows: 



(1) F(P, = inf {a > : 30 £ 0(B), 0(0) = P, 0'(O) = £/a 



} 



G n (P,0 > G S2 ($(P),$*(P)£). 
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The Caratheodory metric satisfies above two properties and hence is less 
than the Kobayashi metric. So one can estimate the Caratheodory metric 
and find a lower estimate for the Kobayashi metric. 

In this paper, we estimate the Kobayashi metric on a convex domain in 
C n using the Sibony metric, whose definition can be found in section 2. 
The Sibony metric also satisfies the two properties above and hence gives 
a lower estimate for the Kobayashi metric. The advantage of using the 
Sibony metric over using the Caratheodory metric is that the Sibony metric 
uses bounded plurisubharmonic functions whereas the Caratheodory metric 
uses bounded holomorphic functions, which are usually more difficult to 
construct than plurisubharmonic functions. In section 2, we give a more 
detailed explanation of the Sibony metric. 

We assume f2 = {p < 0} CC C™ is a smoothly bounded convex domain, 
P £ 8ft, v = Vp{P)l ||Vp(P)|| and let P s = P - 5v € O. 

For £ £ lf{d£l) = T p (dn) n JT P {d£l), where J is the standard complex 
structure of C n , we define A (50, P, £) as the tangency of the Oft at P in the 
direction £, i.e., 

(2) A(dn,P,0 = v (p(P + Zz)), zgC 

where vo(f(z)) denotes the vanishing order of / at z = 0. 

L. Lempert proved that the Kobayashi metric and the Caratheodory met- 
ric coincide on a convex domain in C n [7]. Hence the Sibony metric also 
coincides with the Caratheodory metric and the Kobayashi metric. Let us 
denote the (Kobayashi or Sibony or Caratheodory) metric as F(Q,£) for 
Q € O and £ £ Tq(Q). Then we have the following theorem. 

Theorem 1. J/fic C n is a smoothly bounded convex domain of finite type, 
then we have 

(3) F (Ps,0*-^, ee^(Sfi), 
where m = A(d£l,P,£), and 

(4) F{P s ,u)^- 5 
for all sufficiently small 8 > 0. 

Remark 1. In ([3]) and ([3]), the notation "~" means that there exist positive 
constants c, C, c' and C that do not depend on 5 such that 

161 161 

xl/m — v ois; — Xl/m' 

<4<F(Pi,i/)<C"i 
o o 

for all 5 > sufficiently small. 

The boundedness from above can be easily shown using the definition of 
the Kobayashi metric. We can express the defining function using the Taylor 
series and find an analytic disc that has the proper size in the estimating 
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direction. For more details, refer [8|. In section 2, we prove the boundedness 
from below. 

We also prove the following theorem. 

Theorem 2. Suppose Q CC C n is a smoothly bounded convex domain. Let 
X = av + bT , where T G Tp(Q) and a,b > 0. Then we have 

In section 2, we give a brief background of invariant metrics and finite 
type and, in section 3, we prove Theorem Q] and Theorem [2j In section 4, 
we discuss a possible modification of the Sibony metric. 

2. Background: Invariant Metrics and the Concept of Finite 

Type 

We say F : TO, — > M + U {0} is an invariant metric if F is invariant under 
biholomorphic mappings, i.e., if $ : Q\ — ► O2 is a biholomorphic mapping 
between f^i and and P G £ G Tp(Q\), then 

(5) F n i(P,0 =F n2 ($(P),$*(P)£). 

For example, the Poincare metric P(z, £) on the unit disc B in C, which 
is defined as 

P( ^ ) = I^IF' 

is invariant under automorphisms of the unit disc. 

Two possible generalizations of the Poincare metric to an arbitrary do- 
main 0, in C n are the Kobayashi metric, Fk(P,£), and the Carathedory 
metric, Fc(P,£,), which are defined as follows: 

(6) F K (P, = inf {a : 30 G 0(B), 0(0) = P, 0'(O) = £/a, a > 0} ; 



(7) F c (i>£)=sup{|/.(P)£| 



ft* ^ 

i=i 



: / G B(fi), /(P) = 



where ^4(P) denotes the family of holomorphic mappings from P to A and 
B the unit disc in C. 

The Kobayashi metric is the largest pseudometric and the Caratheodory 
metric is the smallest in the following sense: 

Proposition 1. Suppose that F n : TO — > M+U{0} is a pseudometric on O 
such that P D coincides with the Poincare metric and F is non-increasing un- 
der holomorphic mappings, i.e., if <I> : Oi — > O2 is a holomorphic mapping 
and P E Cli, then we have 

F Ql {P,0 > F Q2 {^(P),^{P)0, Ve G T^(Oi). 

T/ien we always have F$(P,£) < F n (P,0 < Fr{P,0- 

The Sibony metric is defined as follows: 
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Definition 1 (Sibony metric). Let SI £ C n be a domain and P £ O, We 
define a set of functions, An(P), such that u £ j4q(P) if and only if 

(1) it is C 2 near P; 

(2) u(P) = 0; 

(3) < u(z) < 1 for all z £ SI; 

(4) logn is plurisubharmonic on SI. 

We define the infinitesimal Sibony metric FM at P in the direction £ £ C n 
as follows: 

(8) Fg{P,e)= sup (^^-(P)^) . 

The Sibony metric coincides with the Poincare metric on the unit disc 
and is non- increasing under holomorphic mappings. Hence we have that 

fS(p,0<Fs(p,0<Fk(p,0- 

Finite Type. We say the boundary of a domain in C n if of finite type if the 
maximum tangency of the boundary with any one dimensional holomorphic 
variety is finite, i.e., 

(vo(pop_ _ ^ c „ = p | < ^ 

I Wj J 

For more details, refer [6] and [3]. McNeal [9] showed that the finite type 
condition of a boundary of a convex domain in C n is same as the finite type 
condition with <f> replaced with complex lines through P. So we introduced 
the notation A(dSl,P, £) in ([2]), which actually gives you the type in the 
direction £ if fi is convex. 

3. Estimation on a Convex Domain 

Throughout this section we assume that O = {p < 0} CC C n is a smoothly 
bounded convex domain, P £ dSl, £ £ Tj?(<9S!) and z/ = Vp(P)/ ||Vp(P)||, 
which is the outwarad unit normal vector at P. Let P$ = P — bv. 

We use the following lemma by Bruna, Nagel and Wainger proved in pp. 

Lemma 1 (Bruna, Nagel, Wainger). Let us define a set of functions on R 
as follows: 

(9) C{m,r) = {f(x) = a 2 x 2 + ■ ■ ■ a m x m : a { £l,/"(i) > Vx £ [0, r]} . 
Then there exists a constant C such that 

f{x) >C(\a 2 \x 2 + --- + \a m \x m ), V/£C(m,r), Vx £ [0,r]. 

Proposition 2. Zei n = {/j < 0} CC C n 6e a smoothly bounded convex 
domain, P £ dSl and v the unit outward real normal vector to dSl at P with 
|MI = 1- Let £ £ T$(dSl), HCII = 1, and A(P, an, > 2. // we let 

R 5 (5) :=sup{|z| : P - 5v + £z £ SI, z £ C} , 
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then 

R^5) ps 5 1/m 

for 5 > sufficiently small. 

Proof. We may assume P = 0, Vp(P) = (0, . . . , 1) and £ = (1, 0, . . . , 0). 
Then near P = 0, p can be expressed as p = Rez n + 0(|z| 2 ) and, if we 
evaluate p at (0, . . . , 0, —5) in the zi-direction, we get 

m— 1 

p((C, 0, . . . , 0, -5)) = -5 + £ a p(M2 ^C 9i r 2 + 0((^ 2 + IC| 2 ) f )• 

P+<7i+92=2,p>l 

Let |C| = c5 l / m . Then 
(10) 

m— 1 

p((C, 0, . . . , 0, -*)) = -5 + Y, WW™) 9 + °(( j2 + (cS 1/m ) 2 )^) 

p+q=2,p>l 

m— 1 

<-5+ 6 P g<J p (c(J™) 9 + C(<5 m + c'(J) < 0, 

p+<7=2,p>l 

for some constants C and d . Hence, we get 

Next, we will show that, for a fixed e 6 (0, 1/m), there does not exist a 
constant c such that, for all sufficiently small 5, 

p((C,0,...,0,-5)) <0, |C|=c5w-'. 

Let |CI = cJ 1 / 7 ™ -6 and look at the Taylor expansion: 

(11) p((c,o,...,o,-5)) 

m 

p+q=2,p>l 

By Lemma [H we get 

(12) p((C,0,...,(W)) 

(m 
£ |6 w |5 p (c^- e ) 9 + |6 0m |(c^- e ) r 
p+<?=2,p>l 

-C'(5 m+1 +c'(5^-") m+1 ) 

>-5 + C\b 0m \{c5^- e ) m - C'(5 m+1 + d{5^' e ) m+1 ) 

= C"5 1_ein - <5 - C"(<5 m+1 + c'(<5^ e ) m+1 > 0, 
for 5 sufficiently small. Hence, we conclude that 

R^S) ps 
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□ 

To find the lower bound for the Sibony metric, we construct a plurisub- 
harmonic function that satisfies the conditions of the definition and has a 
large Hessian in the ^-direction. We could find such a plurisubharmonic 
function by modifying the construction of a plurisubharmonic function in 

Proposition 3. Suppose £ € Tp(dQ) and A(dfl,P, £) = m. Then 

Proof. We may assume £ is the z\ direction. We let the Re z\ -direction be 
such that the distance from P — b~v to the boundary along Re z\ axis will be 
the greatest among all distances between P — 5v and the boundary along 
the z\ axis, i.e., 

(13) sup {r > : p((r, 0, . . . , 0, -6)) G ft} 

= sup {r > : p((re ie , 0, . . . , 0, -5)) eft, < 6 < 2vr} . 
Let R be such a distance 

R = sup {r > : p((r, 0, . . . , 0, -5)) € ft} . 
Then by the Proposition, we know that 

R^5 1/m . 

Let Q = (R, 0, . . . , 0, —5). Now we will show that 

I^Q)^ 1 - 1 /™ 

using the technique in [9] . 

Consider the real tangent space to 5ft at Q: 

(14) Re^(Q)(z 1 -R) + ^-(Q)z 2 + --- 

dp m\ dp 



+ —E-{Q) Zn ^ + j^(Q)(z n + 5)) = 0. 
oz n -i dz n J 



Let S be the intersection point between the above tangent space and the 
Rez n axis, i.e., 

(15) S = L : Re ( " R) + |^) 2 2 + ■ ■ ■ 

+ -^(Q)z n _i + |^(Q)(z n + 5) ] = ol n{(0,...,0,x), x£R}. 
OZ n —i oz n J I 

If we let 5 = (s, 0, . . . , 0), then, by convexity, we have 
\S -P\ = |(s,0,... ,0) -0| =s > 0. 
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Therefore, if we evaluate the tangent space at S, we get 



Re[||(Q)(- B ) + g-(Q)( S + *) 



Hence we have 
dp 



(Q) 



R > 



dp 

dz n 



(Q) 



(16) 



R 6 1 /? 



(s + 5) > 



dp 



(Q) 



5^5. 



To show the other direction, we look at the Taylor expansion of p at 
and evaluate it along zi-direction. 



(17) p((z,0,...,-S)) = -8+ E 



Z^Z 



p+ijl+q2=2, p>l 

+ £ a rir2 z^ + 0((5 2 + |z| 2 ) 1 ^). 



ri+r2=m 

Differentiating along the zi direction, we get 



Jpl(Q) = ^ ^(W" 1 + b m R m ~ l + 0((5 2 + 

Zl p+q=2,p>l 

Since i? < C5 l ' m , we get 
(18) 



i2\ — \ 



< Yj \b pq \C q - 1 8 p+q — + \b m \C m - 1 6 1 - 1/m + 0(5 m + C m 5) 

p+q=2,p>l 



By Jig} and ([ISP, we get 



dp 
dz\ 



(Q) 



fil-l/m 



Now we construct a candidate plurisubharmonic function for the Sibony 
metric Fs(P — 5u, £). Let 

/ = J (^-(Q>1 + ■■■ + ^-(QW-l + ^{Q){Zn + 5) 

o \ozi oz n -i dz n 

and define F^: 

FN = f + ±.f + ... + ±. f «, 

where the number N will be chosen later. If we let 



Gn — \Fn\ 
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then Gjy satisfies the following properties: Gjv(P — Sv) 
plurisubharmonic on £2, and 



0, log Gat is 



d 2 G N 1 



6 2-2/r 



1 



Hence, if we can show that Gn is bounded on 0, then we can conclude that 

Now we prove that Gat is bounded and has an upper bound independent of 
6. 

Since 

l + / + ^/ 2 + --- + ^/ fc + --- = exp/, 
we may find TV" such that 

\l + F N (z)-expf(z)\<l, Vzefl. 

Therefore 

\F N \ < 1 + |exp/- 1| < 2 + e Re/ . 

Since Re f = defines a hyper plane and Re / changes sign at Re / = 0, we 
may assume that Re / > near the boundary and negative elsewhere. Then 
gR-e/ < i outside a small neighborhood of P. Therefore we have 

Re/ < Re/(Q) = ^Re (J^(Q)R) < ^S 1 ' 1 ^ 1 ^ = 1. 

Hence Gat is uniformly bounded for all 5. 
Proposition 4. 



□ 



F{P 5 ,v) > 



65 ' 



Proof. Let 

p(z) = 2Rez n + 0(\z\ 2 ). 
Since Q is convex, we see that ft C {Rez„ < 0}. Let us look at the function: 

1 Zn + 5 2 

(19) u(z) 



z n -5 

Since Rez n < for all zell, the function inside the absolute value sign is 
holomorphic on £1. Hence logii is plurisubharmonic on fi. And u(P — 8v) = 
0. We also have 



z n -S 



< 1 + 



25 



Zn-5 



< 1 + 



25 



3, z£fl, 



since 



\z n — 5\ > |Rez n — 5\ = \Rez n \ + 5 > 5, \/z e Q. 
Hence < u(z) < 1 on Q. Finally, 



d 2 u(Ps) \ 1/2 

dz n dz n 



9 45 2 J 



1/2 



1 

65 
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□ 

Hence Theorem [T] is proved by Proposition [3] and Proposition El 
Proof of Theorem [2] 

Proof. We use the same function u(z) as in (|19j) : 



«(*) = I 



z n + 5 2 



z n -5 



Then we have that 



F s (P s ,X)>(ddu(X,X)) 1 / 2 = ^. 



□ 



/'(0) = ^ ^ and u satisfies 



4. A Modification of the Sibony metric 

In this section, we discuss a possible modification of the Sibony metric. 

Definition 2 (Plurisubharmonic Metric). Let C C n be a domain and 
P G Q, £ G C n . We define a set of functions £ n (P, £) such that u G B n (P, £) 
if and only if 

(1) it is C 2 near P; 

(2) u(P) = 0; 

(3) there exists a holomorphic disc / : B — ► £1 such that /(0) = P, 
J_ 

(a) < u o /(» < 1, for all z G B; 
it o f ( z) 

( D ) — i — To — i s subharmonic on B. 

\ z \ 

We define the plurisubharmonic metric Fq at P G SI in the direction £ G C r ' 
as follows: 

Proposition 5. 7/0 CC C™ is a pseudoconvex domain and P £ Q and 
£ G C n , then 

Proof. It is enough to show that the collection of candidate functions for 
the Sibony metric is a subset of collection of candidate functions for the 
plurisubharmonic metric, i.e., Aq(P) C Bq(P, £). 

If u G Aq(P), then, as stated in Definition [H u is C 2 near P, u(P) = 0, 
< u{z) < 1 for all z G and logu is plurisubharmonic on £1. We need to 
show that u satisfies the conditions of Definition [2l 
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Since f2 is pseudo-convex, we can find an extremal disc / € 0(D) such 
that /(0) = P and / (0) = — ^7 -. Hence, since < u < 1 on Q, we get 

< u o /(z) < 1 for all z G D. We know that logu is plurisubharmonic 
on f2. Therefore, logu o / is subharmonic on ID. Since log \z\ is harmonic, 
log u o f — log \z\ 2 is subharmonic on D. Taking the exponential, we see that 
u o f(z) 

— i — 775 — is subharmonic on ID. □ 

\ z \ 

Next we will show that the metric Fp is invariant under biholomorphic 
mappings. This is connected to the fact that the Kobayashi metric is invari- 
ant under biholomorphic mappings. 

Proposition 6. The plurisubharmonic metric is invariant under biholomor- 
phic mappings. 

Proof. Let fii,fi 2 C C n , P G fii and £ G C n . Suppose that $ : ^ — > U 2 is 
a biholomorphic mapping. We will show that 

nod)- 1 £Bn 2 (HP),$*(P)0, VueB ni (P,£), 
where Bq(P, £) is the set of functions that satisfy the conditions of Definition 
[5J Since $ is a biholomorphic mapping, u o (J)- 1 is C 2 near <&(P) and 
u o <J>~ 1 (<I>(P)) = u(-P) = 0. Thus the first two conditions are satisfied. 
Now suppose that / : D — > Q\ is a holomorphic curve that satisfies the 
conditions of Definition [2] for F p 1 (P, £). If we let g(z) = $ o /(z), then 
5 (0) = $(/(0)) = $(P) and 

(21) ^(0)=Jac*(P)/ / (0) 



Jac$(P)- 



^(^0 i^(p,o F^ 2 ($(p),^(p)e)- 

The last equality holds since the Kobayashi metric is invariant under $. 

Now we want to show that uo$ _1 satisfies the conditions on the holo- 
morphic curve <E> o /. But this is rather straightforward since / was chosen 
to be the holomorphic curve on which the function u satisfies the conditions 
of Definition [2] and u o o $ o f(z) =uo f(z). □ 

Now we want to prove that the plurisubharmonic metric coincides with 
the Poincare metric on the unit disc in C. 

Proposition 7. The plurisubharmonic metric coincides with the Poincare 
metric on the unit disc in C, i.e., 

Fp(o,o=JMo,0 = I£I- 

Proof. By the following lemma, we know that Fp(0,£) < |£|. Also, since 
u{z) = \z\ 2 satisfies the conditions of being a candidate function, we get 
Fp(0,0 = |£|. □ 

Lemma 2. If u : D — ► M. satisfies 



(1) u(0) = 0, u is C 2 near 0; 

(2) < u < 1 on D; 
u(z) 

(3) .„ ^s subharmomc on D. 

a 2 u(0) 
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< 1. 



Proof. Since -u is C 2 near and has minimum at 0, the first order derivatives 
of u at is 0. Hence the Taylor expansion near becomes 

u(z) = a\z\ 2 + Rebz 2 + 0{\z\ 3 ), a G R, b e C. 

Let z = \z\e id . Then 

j^- = a + Re(be ld )+0(\z\). 

u{ Z) 

Since .„ is subharmonic on D, by the maximum principle we get 

\zr 



u{z) < u{z) 



\z\ 2 



z=0 \Z\ 2 



^ =i = u(z)\ lzl=1 <l. 



Therefore 



u{z) 



\z\ 2 



= a + Re (be 2i0 ) < 1. 

2ie 



Choose 6» such that Re (be 2ty °) > 0. We get 

a < 1-Re(be 2ie °) < 1. 



□ 



Proposition 8. The plurisubharmonic metric is less than or equal to the 
Kobayashi metric, i.e., 

F$(P,0<F%(P,0. 

Proof. Let u be the candidate function and / be the curve that has the 
derivative at the base point of the same size as the inverse of the Kobayashi 

u o f(z) 

metric in the £ direction such that < « o / < 1 on D and — — is 

\ z \ 

subharmonic on D. Then by the previous lemma, we get 

a 2 ** °/(o) <x 

dz&z ~ 

Rewriting the left hand side of the above inequality, we get 
9 2 tio/(0) d 2 u(P)/ J! \ / , \ 1 ^d 2 u(P) 



Hence 
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Therefore, F P (P, £) < F K (P, £). □ 
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